
Compar ing  the f i r s t  and second r a t e s  gives v 1 -~ ~ ~l/~(Lk/h (T))l/aVT a .  The fact  that v 1 must  c l ea r ly  sa t i s fy  
the inequali ty ~, (vl)/k < L impl ies  that  fa is c lose  to the Maxwellian function in a lmos t  the ent i re  region ~ (~ ) /  
k ~ L for  concent ra t ions  n z < (Lk/?, (T))I /Zaa/Z 9-. 
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N U M E R I C A L  E V A L U A T I O N  O F  

B Y  I O N S  I N  A P L A N A R  D I O D E  

D I O D E  G A P  B R I D G I N G  

G.  V. S t u p a k o v  UDC 533.932.12 

To obtain powerful  e lec t ron  b e a m s  the so -ca l l ed  p lanar  diodes,  in which the cathode as well  as the anode 
a r e  disks of rad ius  R exceeding cons iderab ly  the gap a between the e l ec t rodes ,  a r e  often used. If the se l f -  
magnet ic  f ield of the b e a m  can be ignored (for example ,  when the diode is in a s t rong  externa l  magnet ic  field), 
then the motion of the e lec t rons  in the diode is one-d imens iona l .  The p rob l em of de te rmin ing  the s ta t ionary  
cu r r en t  pass ing  through such diode in the non.relativist ic case  is eas i ly  solved,  the cor responding  dependence 
being given by the wel l -known "3/2  ru le . "  This  solution can be ex tended  to r e l a t iv i s t i c  potentials  [1]; m o r e -  
over ,  the ion emi s s i on  f r o m  the anode can also be included [2]. It is a s sumed  again that the diode cu r ren t  is 
t ime- independent .  In this a r t i c l e  r e s u l t s  of numer  ical computat ions of the nons ta t ionary  e lec t ron-d iode  o p e r a -  
tion in a s ta te  iLn which the diode gap is filled by ions emit ted  f r o m  the anode a r e  given.  The case  of ion e m i s -  
,~ion of one type,  as well  as the cases  in which ions a re  emit ted  with different  m a s s e s ,  is studied. 

1. F o r m u l a t i o n  o f  t h e  P r o b l e m  

The anode p l a s m a  which a r i s e s  as a r e su l t  of diode opera t ion is a sou rce  of ions emit ted into the diode 
gap. The dis t inct ive t ime  sca le  T of the p rob lem is the durat ion of ion t r ans i t  between the e lec t rodes  a, T ,~ 
a(M/e%) 1/~, where  ~p 0 is the potential  d i f ference  between the cathode and the anode; M is the ion m a s s  (ions 
a re  r e g a r d e d  as  singly charged) .  It is of in te res t  to ana lyze  the t imes  t ~ z when the p rob lem is essen t ia l ly  
nons ta t ionary  (~he t ime  t is counted f r o m  the s t a r t  of  the ion emiss ion) .  For  t >> ~ the diode opera tes  in a 
:stationary manner  with an incoming flow of e lec t rons  and ions; in the la t ter  case  the r e su l t s  of [2] become  ap-  
pl icable.  It is a s s um ed  that in the per iod of t ime  which is shor t  compared  with ~ a sufficiently dense p l a sma  
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is f o rmed  so that the emi t ted  ion cu r ren t  is r e s t r i c t e d  by the space  charge.  Fo rma l ly ,  this  means  that the 
e lec t r i c  f ield at  the anode su r face  mus t  vanish.  

The s m a l l n e s s  of the p a r a m e t e r  (m/M) r e s u l t s  in a cons iderab le  s impl i f ica t ion of the solution (m is the 
e lec t ron  mass ) .  Since the c r o s s i n g  t ime  of the e lec t ron  gap ~ N a(m/eq~o)l/~ is sma l l  compared  with ~-, the 
effects  of no s t a t ionar i ty  as  r ega rd s  the e lec t rons  can be ignored. The la t ter  enables one, in pa r t i cu la r ,  to 
exp re s s  the e lec t ron  densi ty  ne(Z, t ) b y  means  of the potential  q (z, t) at the point z: 

ne = (je/Ce) [i - -  (t -~ eq~/mcg~'~]-l/s? (1.1) 

where  Je =Je(t) is the e l e c t r o n - c u r r e n t  density;  c is the light veloci ty.  The coordinate  z is m e a s u r e d  f r o m  the 
cathode and the cathode potential  is a s s u m e d  to vanish.  

The densi ty  of the ions ni and the i r  ve loci ty  v can be de te rmined  f r o m  the hydrodynamic  equations:  

OnJOt + 8nivlOz = 0; (1.2) 

OvlOt + vOt~iOz = --  O~lOz, (1.3) 

the potential  cp sa t i s fy ing  the Poisson equation, which can be wr i t ten  wi th  the aid of (1.1) as  

02~/r ~ = /e{t  - -  [1 + ( , ~ -  t)(p] -~} - l j ~  nt.  (1 .4)  

Here ,  as  well  as  in our  fu r the r  cons idera t ions ,  the following d imens ion less  quanti t ies  a r e  employed:  

q~"~lq~o, z--a-g/a; t - .  (tla)]/'e%/M, v--~ V ~ o ,  
he.i--+ nt.i4~tea~/%, ]~--~ ]e4~a~/c%, u = i + e%/mc ~. 

The boundary conditions for  the s y s t e m  (1.2)-(1.4) a r e  given by 

(Pl~=0 = 0, OcplOzl~.o = 0; 
O~/Ozl~=i = 0; 

~]~-, ---- 1. 

(1.5) 
(1.6) 
(1.7) 

The r e q u i r e m e n t  that  the e lec t r i c  f ield vanishes  at the points z =0, 1 co r r e sponds  to the assumpt ion  that  
the cathode and the anode have infinite emi s s ion  power.  

If the anode p l a s m a  contains ions with di f fer ing m a s s e s ,  then they will be emit ted  into the diode gap in 
the ra t io  de te rmined  by the component  composi t ion  of the anode p la sma .  Side by side with the case  of s ingle-  
component  p l a s m a  the s i tuat ion when the p l a s m a  cons i s t s  of ions of two kinds with the m a s s  ra t io  # and the 
r e l a t ive  concentra t ion  a of heavy ions is a l so  cons idered .  In this case  Eqs. (1.2) and (1.3) must  be wr i t ten  for  
each  component .  F r o m  the computat ional  point of view it does not ma t t e r  whether  one takes  into account  yet  
another  kind of ions; t h e r e f o r e ,  when desc r ib ing  the n u m e r i c a l  method only the var ian t  of a s ing le-component  
p l a sma  is c o n s i d e r e d .  

It is not iced that  in the nonre la t iv i s t i c  l imi t  (T - 1  <<1) the p a r a m e t e r  T can be e l iminated f r o m t h e  s y s -  
t e m  (1.2)-(1.4) by  modifying the unit of m e a s u r e m e n t  Je. The s y s t e m  of equations thus obtained is of un iversa l  
fo rm,  that is ,  it contains no unknown p a r a m e t e r s .  

2 .  D e s c r i p t i o n  o f  t h e  N u m e r i c a l  M e t h o d  

The s y s t e m  of equations (1.2}-(1.4} was solved numer i ca l l y  on an e lec t ronic  compute r  with the aid of a 
modified method of the pa r t i c l e s  in ce l l s  [3]. According  to this method,  counting pa r t i c l e s  which s imula te  a 
planar  layer  of ions moving as  one enti ty a r e  introduced. Such a par t ic le  is c h a r a c t e r i z e d  by the jump magni -  
tude AE which tes t s  the e l ec t r i ca l  f ield when pass ing  through the ion layer .  The equations of motion for  a 
pa r t i c le  i a r e  

dvJdt---- Ei(t), dzf/dt---- vi, 

where  Ei(t) =E(Zi(t) ,  t} is approx imated  by a f in i t e -d i f fe rence  scheme  centered  in t i m e  of the second o rde r  of 
a c c u r a c y  [3] 

z , ( t ) = z , ( t - - A t ) W A t t , , ( t : - - - - ~ A t ~ : ~ , , ( t + + A t ) = v , ( t - - ~ - A t ) + A t E t ( t ) ;  (2.1) 

where  At is the t e m p o r a l  s tep,  
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At the in i t i a l - t ime  instant  (the instant  of anode p l a sma  forming) at the point z = 1 the re  a r e  N cotmt[ng 
p-a:rticles. The e]Leetron c u r r e n t  J_e0 when t = 0 and the densi ty  ne(Z, 0) a r e  found by ignoring ions in (1.1), (1.4), 
(1.5), and (1.7). The magni tude AE is de t e rmined  by the condition that  the a r i s ing  ions s c r een  the e lec t r ica l  
f ield on the anode [condition (1.6)]; s ince the field on the cathode a lso  van i shes ,  

AE = ~ -  .l n. (z, O) dzo 
0 

The subsequent  computa t ions  p r o g r e s s  in the following o rde r .  To solve Eq. (1.4) n u m e r i c a l l y  one sub- 
di,~ides the in te rva l  0 _ z _< 1 into M cel ls .  Knowing the dis t r ibut ion of the counting pa r t i c l e s  one de te rmines  
the ion densi ty  in each cell .  Equation (1.4) with the initial conditions (1.5) is solved,  and one a lso  de t e rmines  
by enumera t ion  a value of Je such that the condition (1.7) is a lso  sa t is f ied .  The pa r t i c l e s  t r ave l  through one 
t e m p o r a l  s t e p  in a g r e e m e n t  with (2.1), those  escaping  beyond the l imi t  of  the in terval  0 _<z_ 1 being excluded 
f r o m  our cons idera t ions .  Final ly ,  one adds (or subt rac ts )  to the las t  ceil  as  many par t i c les  as it is r equ i red  
to make  E Iz =t d i f f e r  f r o m z e r o  by not m o r e  than/XE [the condition (1.6) is sa t i s f ied  with this e r ro r ] .  Then 
the en t i re  p rocedu re  is repea ted .  

The f ield Ei(t) act ing on the pa r t i c l e  i is de te rmined  as  follows. One r e p r e s e n t s  it as  a sum of the e lec -  
t ron  f ield and the ion f ield at  the point z i. The l a t t e r  is computed  exact ly  (it is equal  to the product  of AE and 
the number  of pa r t i c l e s  between the par t i c le  [ and the cathode).  The e lec t ron  f ield is found by in t e rpo la t i ngbe -  
tween the values  at the n e a r e s t  nodes  of a space  grid.  
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The validity of the computations was verif ied by modifying the computation pa ramete r s  At, M, N, which 
have no effect on the physical  formulat ion of the problem. Having modified them two to three t imes it was 
found that the resu l t s  var ied  within 1%. The typical  values were ~t,=0.01, M=200, N=1200. 

3.  C o m p u t a t i o n  R e s u l t s  a n d  T h e i r  D i s c u s s i o n  

The main resu l t s  for a s ingle-component  plasma are  shown in Figs.  1-5. Three  var iants  were evaluated 
with different values of 3~: The solid line cor responds  to 3' =1.05; the dashed line, to 3~ =3; and the dashed-dot 
line, to ~ =8. The solution for  ~/=1.05 gives the nonrela t ivis t ic  limit of the sys t em (1.2)-(1.4) with a good ac-  
c,~racy. 

In Fig. 1 the density of the electron cur ren t  versus  t ime is shown. The quantity je(t) normal ized  by Je0 is 
the cur ren t  density ac ros s  the diode with no ions. The values of Je0 for var ious ~/ can be found in [1]. The cur -  
rent  is not monotonic in t ime if the solution reaches  the s ta t ionary value corresponding to a steady ion flow. 
The highest cur ren t  density is observed at the instant at which the forefront  of the ions reaches  the cathode. 

In Figs.  2 and 3 the coordinates  zf of the forefront  versus  t ime as well as the density distribution of ions 
within the diode gap for severa l  t ime instants [Fig. 3 cor responds  to 7 = 3 ;  1) t=0.54;  2) t=0 .80;  3) t =0.96; 4) 
t=1.17;  5) t =4.50] a re  given. These resu l t s  are  of value in that they can be compared with the predictions of a 
simple model descr ib ing the initial stage of the diode being cut off by ions [4]. If the tons have not t ravel led 
f a r  f rom the anode, that is,  if 1 - zf <<1, then it can be assumed that the field at the point zf is approximately equal 
to the e lec t r ic  f ie ldE a at the anode sur face  in a diode with no ions (the effect of the ion charge on the motion of 
t:he e lec t rons  in the diode being ignored). This indicates that the ions at the forefront  are  acce lera ted  by the 
constant  field E a,  that is ,  1 - z f= Eat2/2 .  It can be seen that in such a model the ion density is uniform o v e r  
the interval  zf < z < 1, and by vir tue of (1.6) it is equal to n i = E a / ( 1  - zf) = 2 / t  2. One can see f rom Fig. 3 
that fo r  z > zf the n i is, in fact,  independent of z (with the exception of the region of close proximity to the 
anode), and this takes place not only fo r  z close to unity, but also for  smal l  values of zf. The same can also 
be observed in the var iants  with y = 1.05; 8. A compar ison  with the resul ts  of numerica l  computations shows 
that the obtained functions zf(t), ni(t) (which s t r ic t ly  speaking are  only valid for  1 - zf << 1) are  also fully valid 
with a good accuracy  right up to the instant at which the ions a r r ive  at the cathode. Fo r  example, fo r  ~/= 3 
one has E a = 1.46 and in accordance  with the previous formulas  the f i r s t  ions should reach the cathode at t ,  = 
]..17 (zf( t , )  = 0) and at this instant the density of the uniform par t  of the ions is n i = 1.46. Exact  calculat ions 
(see Figs.  2 and 3) yield somewhat differing resu l t s ,  namely,  t .  = 1.16, n i = 1.67. 

Finally,  [n Figs.  4 and 5 the ionenergyW i and the density of the ion current  at the cathode surface a re  
,shown as a function of time. The lat ter  is denoted by Jt after normal izat ion by the coefficient Je0[(7 + l ) m /  
2M] I/2. With such an adopted unit of measurement  Jt approaches for large t the same limit as je(t)/je 0. It is 
noted that the maximal  ion energy a r r iv ing  at the cathode is appreciably (~ 1.3 times) grea ter  than the acce l e r -  
ating voltage in the diode. 

It is obvious that quali tatively all these functions hardly differ for var ious  3~. A s imi lar  situation also 
a r i ses  in computations with two-component  anode plasma. Therefore ,  the computation resul ts  given below a re  
only for 3' =3. The ra t io  of the mass  of a heavy ion to that of a light ion was adopted as p =Mh/Ml =27 (hydro- 
gen plasma with admixtures  of aluminum). The subscr ipts  h and l r e fe r  to the heavy and the light components,  
:respectively. In Fig. 6 the density of the electron current  flowing through the diode [and in Figs.  7 and 8 the 
cur rent  of the heavy and light ions at the cathode surface (the latter in units of je0[(~/ +l)m/2Ml]l/2) is shown 
as a function of t ime. The computations were  ca r r i ed  out for three different values of the heavy-ion concent ra-  
tion: c~ =0.1; 0.5; 0.8 (solid, dash, dashed-dot  lines, respect ively) .  

Using the inequality p >>1 we shall a s se s s  the conditions when the effect of the heavy ions on the diode 
operat ion can be ignored. To this end it is essent ial  that their charge density nhi ~ ]h i / e  (ec00/M/)1/2 be small 
compared  with n/i ~jli/e(eq0 o/Mll ~[2. By taking into account that Jh[ ~a  J/i, one finds that ~ ~ p-~/~. In our 
actual computations one had p-1/2 ~_ 0.2 and therefore  this situation can be i l lustrated by the variant  with a =0.1. 
However, even in this case  the effect of the heavy component resul t ing in lower Je for t =3-7 is quite appre-  
ciable (see the corresponding curves  in Figs.  6 and 1). 

In the case  of& ~ p-~/2 the charac te r  of the diode operation is quite different. Now the effect of the heavy 
ions can be neglected only in the initial stage of the p rocess .  Indeed, f rom the s tar t  of the ion emission during 
the t ime of order  Tl the light ions cut off the diode gap and the current  density becomes Jli "Jeo(m/Ml) ~/2. The 
cur ren t  density of the heavy ions is equal to Jhi ~c~ j/i and during the t ime interval At ~ v~/~ their  charge be- 
comes comparable  to the electron charge  in the diode gap. Since ~t < ~'h, during this t ime the heavy ions will 
not succeed in moving far  f rom the anode. The ar is ing charged layer  of heavy ions provides a shield for the 
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e lec t r i c  field on the anode* and Jhi is reduced  to the value of Jhi ~Je0(m/Mh) 1/2. Correspondingly,  the cu r r en t  
of light ions is a lso reduced  (J/i ~ J o e ( m / M h ) l / ~ / ~  and this leads to the reduct ion of Je to the initial value Je0. 
Only as the diode gap is being fi l led by heavy ions and the e lec t r i c  charge  is neut ra l ized  by them does Je in- 
c r e a s e  (the cha rac t e r i s t i c  t ime now is ~h) to the level  cor responding  to the s ta t ionary  solution with ion flows. 

The above considerat ions  a r e  i l lus t ra ted  by computation resu l t s  for  var iants  with a = 0 .5 ;0 .8 .  Since now 
c~ ~ 1, At ~ ~ l ,  the effects  cha rac t e r i s t i c  for  the initial stage of the p rocess  appear  in the diagrams as splashes  
Je and Jli of duration ~ ~ .  A fur ther  slow change of Je (see Fig. 6) is due to the motion of heavy ions. 

The author would like to express  his thanks to D. D. Ryutov, at whose init iative this work was c a r r i e d  
out, for  his valuable comments .  
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N U M E R I C A L  S I M U L A T I O N  OF T H E  S E L F - F O C U S I N G  
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During the propagation of powerful l a se r  pulses in many media (e.g., c rys ta l s  and plasma),  the non- 
l inear  increment  to the d ie lec t r ic  constant a s soc ia t ed  with the development of sound per turbat ions  may be ve ry  
considerable .  Strict ion nonl inear i ty  may  lead to the se l f - focus ing  of l a se r  pulses ,  which in turn  may be ac -  
companied by the development of s eve re  elast ic  s t r e s s e s  in c rys ta l s .  

In this paper we shall  make a numer ica l  study of the propagation of axial ly  s y m m e t r i c  wave packets in 
a medium with s t r ic t ion  nonl inear i ty  within the f r amework  of the equations [1.2] 

i(u t ~- vuz) -t- Aiu -I- opu = O, (1) 

Pit-- c2Ap = - -  A [ u l  S 

and the natural  boundary conditions 

Ou/Or[~=o = Op/Orlr=O = O, 
u( r  = oo) = p( r  = co). = O, 

u(Izl = oo) = p(Izl = oo) = O, 

where  u is the envelope of the wave packet;  v and Cs a r e  the group veloci ty  of light and the veloci ty  of sound in 
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